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Abstract 

Optimizing experimental conditions under gaseous environment (low vacuum) is a compulsory step before imaging and 
performing microanalysis in environmental scanning microscopy, especially at low energy. For this task, simulations 
Monte Carlo are needed that require the knowledge of cross sections. In this work, the complex optical potential is used 
to calculate electron-gas scattering cross sections in the low and intermediate energy range for two monatomic gases, 
argon and helium. Comparisons are made with experimental and theoretical cross sections from the literature. The 
results show that for helium, the EPT( Extended Previous Theory) model works very well, especially at intermediate 
energies, which is not the case for the argon gas 
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Résumé 
L'optimisation des conditions expérimentales sous environnement gazeux (vide poussé) est une étape obligatoire avant 
l'imagerie et la réalisation de la microanalyse en microscopie à balayage environnemental, notamment à basse énergie. 
Pour cette tâche, les simulations de Monte Carlo sont nécessaires, et nécessitent la connaissance des sections efficaces. 
Dans ce travail, le potentiel optique complexe est utilisé pour calculer les sections efficaces de diffusion d'électrons-gaz 
dans le domaine des  énergies faibles et intermédiaires pour deux gaz monoatomiques, l'argon et l'hélium. Des 
comparaisons sont faites avec des sections efficaces expérimentales et théoriques dans la littérature. Les résultats 
montrent que pour l'hélium, le modèle EPT (Extended Previous Theory) fonctionne très bien, surtout à des énergies 
intermédiaires, ce qui n'est pas le cas pour le gaz d’argon. 
Mots-clés : Potentiel optique; section efficace de diffusion; ESEM, rayon de skirt; Monte Carlo 
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1. Introduction  

          In order to observe and to characterize materials 
microstructure with high sensitivity, some developments of 
new analytical and simulation methods are needed. Working 
at low and high electron energy regions shows difference in 
composition and topography behaviour in scanning electron 
microscopy (SEM) [1, 2]. The acceleration voltage is selected 
with the aim of minimizing the interaction volume within the 
sample while still being able to use the K lines for a more 
accurate quantification. With the fast development of very 
high brightness guns, it can be possible to perform 
experiments at very low energy under gaseous 
environment. 
          By introducing the gas in an Environmental SEM 
(ESEM), it is necessary to acquire good understanding of the 
electron-gas interactions that are responsible for the 
electron beam scattering so that one can minimize the 
problems this scattering could cause. The amount of 
scattering of the primary beam is dependent on a number of 
parameters among which the gas scattering cross section is 
of paramount importance since this parameter makes it 
possible to calculate the details of the electron distribution 
resulting from the collisions of electrons with gas molecules 
or atoms. One of the first studies of electron scattering in a 
low vacuum microscope environment was performed by 
Moncrieff et al. [3] who used differential scattering cross 
sections (DCS) that were theoretically derived by Lenz in his 
description of single electron scattering in atomic solids [4]. 
These Lenz atomic elastic DCSs were based upon Rutherford 
scattering cross sections that were quantum mechanically 
modified using theoretical models of Wentzel [5]. The 
atomic inelastic DCSs used by Moncrieff et al were derived 
from Compton scattering of X-rays for large scattering 
angles. For small scattering angles they used an analytical 
expression from Burge & Smith [6]. Gauvin theoretically 
studied electron scattering to obtain new correction 
procedures for reducing the effects of skirt formation on 
quantitative X-ray microanalysis in the ESEM or variable 
pressure scanning electron microscope (VPSEM) [7]. His 
theory is based on single electron scattering under the 
assumption that inelastic collisions are negligible, and 
therefore most of the beam scattering is caused by elastic 
collisions. He used screened Rutherford elastic scattering 
cross sections, which have been shown to be suitable with 
light elements and therefore for most of the gases used in 
ESEMs [8]. Monte Carlo simulations showed that elastic 
scattering can be formulated using simple single scattering 
theory rather than more complicated plural scattering 
theory under suitable imaging conditions in an ESEM. The 
accuracy needed in Monte-Carlo calculations depends on 
the type of result one is interested in. Appropriate imaging 
conditions have been defined as when the average number 
of scattering events per primary electron is less than three 
[9]. These findings are applicable when one only needs to 
compute the fraction of unscattered electrons in an electron 
beam. However if electron beam profiles, skirt distributions 
and spot sizes are to be derived in ESEM, both elastic and 

inelastic scattering at a plural level must be considered. 
Nevertheless, theoretical and experimental studies based on 
plural scattering were performed [10, 11]. In addition, some 
authors made experimental measurements of electron 
scattering in the VPSEM [12, 13]. 
The DCS may be measured experimentally or calculated 
theoretically. In previous works [14, 15], we performed 
calculations of cross sections related to the electron-gas 
interaction in ESEMs and derived the distribution of the 
electron spreading inside the sample chamber. The elastic 
and inelastic DCSs were calculated by means of the 
equations of Lenz [4] that Jost and Kessler used in 
determining electron beam distributions in gases [16]. The 
calculations carried out for various gases in the [5–30 keV] 
range were in good agreement with experiments. However, 
when it comes to low or intermediate energy, this approach 
may not be valid, depending on the chosen gas. In this case, 
one has to use experimental values of DCSs that 
unfortunately are not always available. Alternatively, a 
more efficient theory should be implemented.  
          This work aims to overcome these difficulties 
encountered at low and intermediate energy, by using the 
complex optical potential model for the cross section 
calculation in monatomic gases, and applying it to argon 
and helium. The results are compared with experimental 
reports but also with calculations performed with the 
theory we previously used and which we have deliberately 
extended to low energy to assess its validity limit. 

 

2. Physical model 

      When an electron interacts with a target atom, various 
physical phenomena may occur, owing to the potential 
developed between the incident and the target electrons 
and nucleus. When the incoming electron is far from the 
target, its accompanying electric field affects the target 
electron cloud distribution, giving rise to induced dipole 
moment which in turn affects the kinetic motion of the 
incident electron. This long range potential created by the 
induced dipole moment is called the polarization potential. 
At short ranges, as the incident electron approaches the 
charge cloud of the target, the external electron will 
encounter two types of potentials: a static potential and an 
exchange potential. The static potential is generated by the 
static charge density of the electric cloud, while the 
exchange potential is due to the exchange effect between 
the incident and target electrons which become 
indistinguishable from each other. During the collision 
processes some particles are absorbed from the incoming 
electrons due to the inelastic interaction with the target. 
This can be described approximately by means of an 
absorptive (negative imaginary) potential called the 
absorption potential. These potentials are used in the 
Complex Optical Potential (COP) formalism to obtain the 
phase shifts and finally the required cross sections. The 
relativistic Dirac partial-wave calculations for scattering by a 
local central interaction potential [17], offers the possibility 
of building the interaction potential by combining different 
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potentials models. The above-mentioned four potentials are 
summed together to form the total potential of the 
scattering system that can be expressed as: 
 

                   (1)              

where Vst (r) is the electrostatic potential, Vex (r) is the local 
exchange potential, Vcp (r) is the correlation–polarization 
potential and Wabs(r) is the absorption potential represented 
by the imaginary part of the optical potential, and is 
calculated from the local-density approximation proposed 
by Salvat, using the Born–Ochkur approximation and the 
Lindhard dielectric function to describe the interactions with 
a free-electron gas, and multiplied by an energy-
independent empirical strength factor Aabs. With an 
appropriate selection of Aabs (The strategy adopted was to 
allow the strength parameter Aabs to take values larger than 
unity, to account for the effect of the neglected distant 
interactions), the absorption cross section, obtained from 
the partial-wave calculation with the aid of the optical 
theorem, practically equals the inelastic cross section for 
projectiles with energies from about 100 eV and higher. In 
the case of elastic scattering by free atoms, this parameter 
can be determined from experimental elastic DCSs, or if 
accurate experimental or theoretical values of σabs are 
available, we can determine the parameter Aabs by fitting 
these data (i.e. by requiring the absorption potential to be 
consistent with the empirical inelastic cross sections). 
It should be noted that the absorption cross section, 
obtained from this way, practically equals the inelastic cross 
section for electrons with energies from about 100 eV and 
higher for 3<Aabs<4. 
The scattering of relativistic electrons by the central field 
V(r) is completely described by the direct and spin-flip 
scattering amplitudes, given by [18]: 

          (2) 
and 

   (3)                                           

respectively. k is the relativistic wave number of the 
projectile.  and  are Legendre 

polynomials and associated Legendre function, respectively 
and δκ  is the phase shift. To obtain the values of phase shift 
δκ, the following coupled differential equations are solved 
numerically under the appropriate boundary conditions, 

                        (4) 

                                         (5) 

where κ is the relativistic quantum number and PEκ(r) and 
QEκ(r) are the radial functions. E is the kinetic energy of the 
incident electron and Vop is the appropriate complex optical 
potential which incorporates all the important effects. 

The total cross section σT (for elastic scattering and inelastic 
absorption) can be obtained from the optical theorem [19, 
20], 

                                                   (6) 

where 

                                                           (7) 

with 

                                             (8) 

 

3. Monte Carlo Simulation 

          A Monte Carlo program was used to simulate the 
electron path in the specimen chamber and to calculate the 
electron beam skirt at various energies, with pressure of 
133Pa. The working distance was taken as 2 mm. Up to 105 
electron trajectories were computed at each energy. We 
investigated the beam profile for argon and helium as a 
function of the gas pressure and energy. The results from 
OP model are presented together with EPT one (extended 
previous theory [4]). 
The earlier Monte Carlo scheme described [15] can be 
utilized for energies higher than 5 keV. For low energy, it is 
necessary that the cross-sections utilized to describe the 
elastic and inelastic scattering are calculated with the 
partial-wave expansion method. The effect of inelastic 
absorption on DCSs for elastic scattering has been generally 
ignored in Monte Carlo studies of electron transport. In the 
case of electron scattering by free atoms, inelastic 
absorption causes a substantial reduction of the DCS at 
intermediate and large angles.  
The following analytical expression can be utilized, 
concerning the use of the relativistic partial-wave expansion 
method, to expedite the calculations and to approximate 
the differential elastic scattering cross-section. 
 

                                                         (9) 

Note that, with  and   , 

this equation becomes identical to the classical Rutherford 
formula, while with  

and , it 

becomes the screened Rutherford formula. So, as (9) is 
identical to the equation we used in the previously 
described Monte Carlo scheme [15], we can use the same 
formal structure as in that procedure. However, it is 
necessary that  and  are computed in order 

to obtain, the same values of the total cross-section  and 

of the momentum cross-section σm  as calculated by 
utilizing the quantum-relativistic partial-wave expansion 
method. Note that these quantities are defined, 
respectively, by the following: 

                                                               (10) 

   .                                                 (11)                      
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 Therefore, (2) allows one to sample the polar scattering 
angle with a closed formula: 

                                                              (12) 

Let us now show how to calculate  and  by 

use of our knowledge of the total elastic scattering cross-
section  and of the momentum elastic scattering cross-

section  mentioned above. Note that from (9) it follows 

that 

                                                              (13) 

so that the differential elastic scattering cross-section can 
be rewritten as 

                                                                (14) 

Using (10) and (14), we obtain, concerning the momentum 
cross-section, 

                                           (15) 

Let us calculate now the ratio between the momentum 
elastic scattering cross-section and the total elastic 
scattering cross-section: 

                                                    (9) 

The values of σm and of σel have been numerically 
calculated, so that it is possible to find the ratio as a 
function of Z and E. The values of   as a function of Z and 

of the electron energy E can be subsequently computed, by 
use of our knowledge a bisection algorithm. Once the 
values of  (Z, E) have been stored in a file, it is possible to 

calculate the value of   corresponding to the particle 

energy at every step of the electron trajectory during the 
simulation. The sampling of the scattering angle θ can be 
easily performed by inserting the value of   into (12) and 

selecting a random number uniformly distributed in the 
range (0, 1) for R. 
For inelastic scattering event, the Mean Free Path is 
calculated based on the absorption cross section discussed 
above. Meanwhile, the inelastic scattering angle, θ is 
derived from: 

                                                                               (10)  

As the electron travel through the gas its energy loses and 
since the scattering event is energy dependent, the 
instantaneous energy at any time need to be calculated. 
The energy loss, for the inelastic and elastic scattering 
events is taken from [15]. 
 

4. Results and Discussion 
 

          We have computed the total cross section T by 
means of equation (6) and the elastic cross section using 

equations (7) and (8). By subtracting e from T we obtain 

Abs. We have compared our cross section calculation 
results for argon gas with the experimental measurements 
of Williams and Willis [21], Srivastava et al [22], Dubois and 

Rud [23], Jansen et al [24], Panajotovic et al.[25], Wagenaar 
et al [26] and Iga et al [27]. The elastic DCSs calculated with 
the complex optical potential (Fig.1.a,b,c,d) are clearly in 
good agreement with the measurements.  
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Fig.1. Differential elastic-scattering cross sections of Argon, 
dσ/dΩ for various incident electron beam energy ranging 
from 100 eV (a) to 3000 eV (d) (a0 is the Bohr radius) 

 
          A good agreement between theory and experiment is 

observed in the general behavior, i.e., both in the shape and 

absolute nature of the angular distributions of the DCSs. 

         On the other hand, we have compared the present 
results with that obtained using our previous approach 
extended to low energy. This extended previous theory will 
be labeled EPT hereafter [4]. It is noticeable that the values 
obtained by EPT are higher than with COP model and that 
the lower the energy, the higher the difference between the 
two results. So the differential cross section resulting from 
the EPT is likely to overestimate the number of electrons 
scattered in the intermediate angle region. Therefore, the 
optical potential theory, when involved in the calculation of 
beam profiles in heavy gases like argon, undoubtedly should 
strongly contribute to the improvement of the results 
accuracy, especially at very low energy. 

 

Fig.2. Differential elastic-scattering cross sections of Helium, 
dσ/dΩ for an incident electron beam energy of 100 eV (a) 
and 700 eV (b) (a0 is the Bohr radius) 

 
For helium gas, we have also compared our results with the 
experimental measurements of Gupta and Rees [28], Mc 
Conkey et al [29], Register et al. [30], Kurepa et al [31], and 
Jansen et al. [24]. The elastic DCSs calculated with the 
complex optical potential (Fig.2.a, b) are also clearly in good 
agreement with the measurements. Here, the EPT curve is 
almost undistinguishable from the present result even at 
quite low energy (700 eV), with however a slight difference 
at very small angles (Fig. 2b). It is only at very low energy 
(100 eV) that a clear difference appears between the two 
theories, the present COP results being in better agreement 
with experiments (Fig. 2a). 
Our elastic, absorption, and total cross sections are shown in 
table 1 for Argon. For comparison aims with experimental 
values, our calculations have been extended to 10 keV. Also 
shown in this table are the experimental data of Garcia et al. 
[32], Wagenaar [33], Kauppila et al. [34], Zecca [35], 
Nishimura and Yano [36], Wight et al.[13], DuBois et al [23], 
De Heer et al.[37], Jansen et al.[24] and Iga et al.[27] Overall, 
our results for total and elastic cross section well agree with 
the measurements. It is clear that the present results on the 
σ parameter compare reasonably well with all the displayed 
experimental points at higher as well as at lower ends of the 
present energy regime.  
 
Table 1. Argon cross sections (10-20 m2) 

 



www.manaraa.com

RSSI, Vol. 07, No. 02, December 2018, 18-25 

23 
 

Table 2. Helium cross sections (10-20 m2) 

 
 
As for helium gas, table 2 shows our results along with the 
experimental ones of Boesten et al. [38], Register et al. [30], 
Hayashi [39], Dalba et al. [40, 41], and He and Joy [42]. 
A very good agreement is observed between the 
measurements and our COP results for total and elastic 
cross section. 
 
In figure 3a and b, we have drawn the total cross section 
according to the energy for argon and helium gas 
respectively in the 0.1 to 5 keV range. As previously seen 
from tables 2 and 3, one can observe the good agreement 
between our calculations and experimental data. 

 

 

Fig.3. (a) Total cross sections of Argon vs. energy of electron 

beam (b) Total cross sections of Helium vs. energy of 

electron beam 

           By using the two diffusion models mentioned above, 
we have performed Monte Carlo simulations of the track of 
electrons incident Argon and helium gases. Our calculations 
deal with the variation of the skirt radius and unscattered 
electrons fraction. The skirt radius labelled r0.9 was calculated 
as the radius of the circle on the sample surface containing 
90% of the diffused electrons.  

          In order to continue to compare the influence of 
different scattering models on the scattering parameters of 
ESEM as skirt radius and unscattered electrons fraction, we 
have plotted the skirt radius r0:5 vs. the energy. 

 

Fig.4.Skirt radius vs Energy 

Fig.4 shows for the two gases, the skirt radius outcome from 
EPT and OP model diverge as energy decrease and 
approaching each other when energy increases. This 
evolution corroborates the previous profile results obtained 
for argon and helium elastic cross sections from the two 
models at high and low energy. 

 

Fig.5.Unscattered electrons fraction vs Energy 
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From Fig.5, one can see that the unscattered fraction 
obtained with the OP model is smaller than that obtained 
with the EPT one, in the case of argon. However, for helium 
both models give the same result. This fact is due to the 
similar shape of the two models of the helium scattering 
cross sections used in the computation. 
 

Conclusion 

          We have calculated the elastic electron scattering by 
Ar and He atoms at low and intermediate energies by 
employing a complex optical potential approach. The 
agreement between theory and experiment was observed in 
the general behavior, i.e., both in the shape and absolute 
nature of the angular distributions of the differential cross 
sections and energy dependence. This good agreement 
between the experimental and our calculated DCSs is fairly 
encouraging and this model, adapted for molecular gases, 
will be proposed soon. The calculated scattering cross 
sections inserted into Monte Carlo simulation program to 
predict the spatial distribution of the electron beam 
scattering under given beam energy and gas pressure 
reveals a large difference in the estimation of the skirt radius 
at low energy, and the unscattered fraction of the argon 
with respect to the helium. This difference is due to the 
invalidity of the EPT model for argon gas, compared to the 
optical potential one. 
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